Considering the conformal anomaly in an effective action, the critical dimension of string theory can be decided in the harmonic gauge, in which it had been reported before to be indefinite. In this gauge, there is no anomaly for the ghost number symmetry. This can be naturally understood in terms of Faddeev-Popov conjugation in the theory.
Introduction
One of the interesting features of string theories is the existence of the critical dimension, at which a lot of fascinating events occur, including: the appearance of massless spinone and spin-two states, the realization of Lorentz covariance in the light-cone gauge [1] , the nilpotency of the BRS charge in the conformal gauge [2] , and the cancellation of the conformal anomalies [3] .
Most of these subjects have been investigated in the conformal or light-cone gauge, whereas several works have been done in the harmonic gauge. The first-quantized bosonic strings in the harmonic gauge have a relation to OSp(1, 1| 2) string field theory [4, 5] . In the latter theory, which is a free one, the OSp(1, 1| 2) algebra with the BRS and anti-BRS generators has been shown to close at D = 26 only. Besides, the cancellation of the conformal anomaly has been studied in the harmonic gauge from a Lagrangian approach, and this occurs at the same dimension [6] . There are also other arguments in different versions of the harmonic gauge [7, 8] .
In general, it is believed that the critical dimension is a well-defined concept. However, there have been a few contradictory results, e.g., indefiniteness of the critical dimension in the harmonic gauge [9] . In this gauge, the dependence of a gauge parameter appears in the two-point function of the energy momentum tensor based on a perturbative calculation.
The anomalous term of the two-point function would have been expected to vanish at D = 26, as in any other gauge, but it does not, due to its gauge dependence. This result suggests that the anomaly may disappear for any D by adjusting the gauge parameter.
There is also a study in the temporal gauge indicating that the critical dimension may not be determined as far as considering a cylinder amplitude [10] .
In the following, we will decide the critical dimension in the harmonic gauge. In order to clarify the above discrepancy, it is necessary to analyze the anomaly more carefully.
We will consider an effective action and the Ward-Takahashi identity for the decision of the critical dimension.
Moreover, we will study the ghost number anomaly. In the conformal gauge, the ghost number current has the anomaly [11] , the integrated version of which can be interpreted as an index theorem. Contrastingly, it has been known that the ghost number anomaly does not exist in the harmonic gauge [6] . We will compute perturbatively the ghost number anomaly in the harmonic gauge with a gauge parameter considered throughout this paper.
1
The Lagrangian of two dimensional gravity coupled to matters in the harmonic gauge [12] has the form,
where g αβ = √ −gg αβ and Greek indices correspond to world sheet coordinates, and roman indices run from 1 to D. b α , c α and c α denote the auxiliary field, the ghost and anti-ghost fields, respectively. It is possible to obtain a more simplified Lagrangian by the redefinition of the field variables; the shift of the auxiliary field b α [13] ,
The Jacobian for this transformation is trivial and so there is no anomaly in it. After performing this shift and dropping a total derivative term, we find a Lagrangian as follows,
where ξ is a gauge parameter. In the case of ξ = 0, the Lagrangian has a simpler form than before. In this paper, we will quantize the theory defined by the latter Lagrangian and discuss anomalies derived from it.
The action is invariant under the BRS symmetry:
Moreover the Faddeev-Popov(FP) conjugate transformation also leaves it invariant:
where η αβ is the world sheet flat metric. Therefore we find out the extended BRS symmetry, which involves the anti-BRS and the ghost number symmetry in addition to the BRS symmetry. Now let us consider the case of parameterizing the metric as follows, 
where the tensor indices are raised or lowered by the flat metric η αβ , and the ellipsis denotes terms of higher order than the fourth power of the fields. As a consequence of the conformal symmetry remaining in the Lagrangian of Eq. (2.3), there is no dependence of the conformal mode φ in it. This is the same situation as in the conformal or light-cone gauge. Though the gauge fixing has not yet been performed for the conformal symmetry, it is not needed for our discussion.
Propagators are derived from the free part of the Lagrangian:
where we take 0 to correspond to a free propagator.
It is convenient, for practical calculation, to introduce light-cone coordinates,
The associated metric is defined as η +− = η −+ = η +− = η −+ = 1 and otherwise zero.
In Fig. 1 we have represented the resultant Feynman rule, which is expressed with these coordinates. Using this perturbative method, we will compute the two-point function of the energy momentum tensor. It is given by
It satisfies
In the harmonic gauge, Eq. (2.11) gives the equation of motion for b α perturbatively, unlike in the conformal or the light-cone gauge, in which it corresponds to the Virasoro constraint.
We illustrate the evaluation of the Feynman diagram in Fig. 2 [14, 15] . It is given by
It is possible to carry out the integration over k − first. If we take p + > 0, the poles in k − space are on opposite sides of the real axis only in the case 0 < k integral is given by the residue. It vanishes when k
Evaluating other contributions, we obtain the two-point function of the energy momentum tensor up to one-loop order:
In a similar way we can obtain
This seems to suggest that the conformal symmetry is broken, because the energy momentum tensor may be coupled to the metric tensor. It may be said that an arbitrary critical dimension D may be allowed, simply by adjusting ξ.
However, this is not the case. We should consider the anomaly more carefully. Since the metric field h αβ itself propagates in the harmonic gauge, the two-point function of the energy momentum tensor as defined in Eq. (2.11) does not correspond to the conformal anomaly directly. As seen later, we will conclude that the anomaly disappears at D = 26, as expected from calculation in other gauges, by using an effective action.
Conformal and Ghost Number Anomalies
We next consider an effective action. It is defined as the Legendre transform of the connected vacuum functional W :
We can easily find the Ward-Takahashi(W-T) identity from the BRS invariance [16] :
It should be noticed that the source term in Eq. The conformal mode φ does not propagate and has no interaction with any fields at tree level. But we represent the W-T identity including the conformal mode:
The definition of the effective action with the conformal mode is the following:
Conformal Anomaly
Let us compute the two-point function of b α . Through the same procedure as in the case of the energy momentum tensor, it is given by
The results are finite. However the +− component of the two-point function is divergent.
For instance, evaluating the graph in Fig. 3 , we are faced with the integral as follows,
Indeed the above integral is quadratically divergent and so it is ill-defined. Then it is necessary to regularize it appropriately. We assume that a proper regularization scheme Figure 3 : A graph contributing to a divergent integral.
exists and it is possible to evaluate a divergent integral by means of it. We will take the form of the +− component as,
where F (p 2 ) is a regular function of p 2 under a certain regularization scheme. This assumption seems to be plausible for this integral. Indeed F (p 2 ) becomes a local function, if we adopt the regularization scheme in which the integral is defined by using a momentum cut-off in Euclidean space. But we have no need to specify the regularization scheme further, because the term of F (p 2 ) is irrelevant to the anomaly, as seen later. We can compute the following two-point function in a similar way,
The Feynman graphs corresponding to Eqs. (3.9) and (3.8) are represented in Fig. 4 .
From Eqs. (3.5), (3.9) and (3.8), we can obtain
We obtain also This fact can be shown more explicitly in the effective action. First, we find
The inverse of the two-point function of Eqs. (3.10), (3.11), (3.12) and (3.13) gives the second order part of the fields in the effective action:
Notice that D − 26 of the two-point function of b α gives the factor for the nonlocal term of the metric field in the effective action. As stated before, the F (p 2 ) term can be removed and hence not contribute to the anomaly, by using the freedom to add arbitrary local counterterms to the effective action.
We will try to obtain a gauge invariant effective action, which satisfies the W-T identity of Eq. (3.2). From Eqs. (2.4) and (2.6), the BRS transformation for h αβ and φ can be derived:
We rewrite this as follows, 16) where terms higher than second order are omitted. Hereafter we adopt this approximation.
Considering the dimension and ghost number of fields and sources, with the help of Eq. (3.16), we obtain
As easily seen by using Eq. 
Adding some local counterterms to Eq. (3.14), we can form an effective action
The nonanomalous terms and source terms have been omitted in this equation. Indeed this effective action satisfies the W-T identity of Eq. (3.3).
Eq. (3.19) is rewritten as
where we have defined 
At tree level, the dependence of the conformal mode is absent in the action. It does not appear in the effective action explicitly in the one loop calculation either. However, as is a well-known fact [14] , if we require the effective action to be invariant for the BRS symmetry, the counterterms depending on the conformal mode are necessary for recovering the symmetry. As a result, we are led to the conformal anomaly as given by Eq. (3.22) and the fact that the conformal anomaly disappears only when D = 26. Therefore the conclusion is that the critical dimension is 26 in the harmonic gauge.
Ghost Number Anomaly
The Lagrangian is invariant under the following transformation,
where θ is a real parameter. This is the ghost number symmetry. The current of it is defined as
We will consider the J α C -inserted vertex function which is defined as follows,
This vertex function is sufficient to find the ghost number anomaly. Suppose that we obtain the following result,
where local terms are omitted and λ denotes a certain constant. These terms, if any, cannot be taken away from the vertex function. By multiplying the momenta, Eq. (3.26)
Adding local functions to the vertex function, we obtain the following equation from Eq. (3.27),
This equation means that the ghost number current may not be conserved at the quantum level. Namely, the ghost number anomaly exists unless λ equals zero.
However, λ equals zero, and there is no anomaly in the ghost number current. Indeed, λ is given by evaluating a one-loop diagram of ghost fields:
We can naturally understand the absence of the ghost number anomaly as follows:
The integration of Eq. (3.28) gives us 
Summary
In this paper, we have derived the anomaly for the BRS and conformal symmetry in the harmonic gauge by considering the effective action instead of the energy momentum tensor. These anomalies are independent of the gauge parameter. Also the critical dimension, which is 26, is well-defined, as in other gauges. It is difficult to discuss the theory in the harmonic gauge because it cannot be solved exactly, unlike in the conformal or the light-cone gauge. Therefore we should treat it carefully, respecting the BRS symmetry, for example, using the W-T identity for the effective action.
We have shown also that the ghost number current has no anomaly in the harmonic gauge. This is a natural consequence due to FP conjugation.
